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| Introcluction

This note follows up on Note 4 in which we examined vector differential equations and solved them using a
systematic approach by changing coordinates into a basis in which the matrix A had a diagonal representation
A. This let us examine our complicated system of differential equations as a series of # first-order differential
equations.

After solving the first-order differential equations and converting the system back into standard basis coor-
dinates, we saw that each state x;(¢) was a linear combination of exponentials e}, ... M. As a result, we
saw the connection between a system of differential equations and the eigenvalues of the matrix A.

In this note, we will develop more techniques to solving vector differential equations and also introduce a
new device called the inductor. The combination of an inductor with a capacitor will create an oscillatory
system with complex eigenvalues. Such oscillatory systems are the main focus of this note.

2 Cuessing and Checking

We introduce the guess and check method for vector differential equations as a means of efficiency. You’ll
notice that we don’t have to compute the eigenvectors of the matrix A and won’t need diagonalizationE]

In the previous note, we were able to solve for a system of differential equations and showed that the
solution is a linear combination of exponentials e*'. This means that we should be able to guess a solution
xi(t) = oy eM 4.+ a,e™ . To illustrate this, we provide an example below

2.1 Examp]e

Consider the following system of differential equations with the inital condition X(0).

d X1 —4 1 X1 N . 3
dt x| |2 =2| |x x(0) = 3 M

1 The first step is to solve for the eigenvalues of the matrix A. For the sake of bervity, we won’t show
the steps here, but A} = —5,1, = —2.

2 Now we guess a solution X(7). As stated above, we’ll pick a linear combination of e as our guess.

X1 (04] Mt + Otze)tzt

X2 - ﬁlellt—}-ﬁzekz’

where o, 0, By, B> are unknown constants that we need to solve for.

IThe diagonalization method was used to rigorously show why the solution is in fact a linear combination of M. Without it,
we wouldn’t know what to guess.
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3 Notice that we have four unknowns but our intial condition only gives us two equations. Therefore,
we create two more equations by computing %)‘C’(O).

Notice that our initial condition tells us that

o o+ 0 3
O = =
X(0) Bi+ B2 [3]
To find £ %(0), we must first take the derivative of X(z).
d . —50(1875t — 20(2872[ d . —S501—-20p
EX(t) - [_5ﬁ1€_5t —2Bre* - Ex(o) | 58128

Then we use the fact that 4x(t) = A%(t) from our differential equation:
-4 1 x(0)]  [—4x1(0)+x(0)| |9
2 23| [x(0)] T [ 2x1(0) = 3x(0) | T |3

4 Now that we have four equations and four unknowns, we can solve our system.

L 3(0) = A%(0) =

Solving for the o, we get

a1 +oy=3
—Sa;—20p = -9
= o =1om=2

Then we solve for the 3

Bi+pB=3
—5B1—2p=-3
== Bl :_17ﬁ2:4

5 We conclude by saying that the solution to the differential equation is
et +2 e~ 2t

_6721 4 4672’

2.2 Second-Order Differential Equations

In differential equation literature, you will more often see higher-order differential equations as opposed
to vector differential equations. A higher-order differential equation is a scalar differential equation that
involves higher-order derivatives. Consider the differential equation

d? d
ﬁy(f) +aEY(f) +by(t) =0 (2)
d
y(0) = yo; E)’(O) =Wy (3)

This is an example of a second order differential equation. Notice how there are two initial conditions for
this problem. An n'* order differential equation will require » initial conditions for it to have a unique
solution.
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2.2.1 Guess and Check
To solve this differential equation, we can either guess and check or convert it into a system of differential
equations. We will start by guess the solution y(z) = ke,

2

y(t) = ke/lt; a (t)= klext; %y(;) — kA2M @

kA2eM 4+ kadeM +kber =0 = k(A*+ak +b) =0 (5)

If our initial condition is nonzero, k will be nonzero meaning we have a quadratic equation for A similar
to the characteristic polynomial of our matrix A. Since this quadratic equation has two roots A; and A;, our
solution y(z) will be a linear combination of the functions ¢*! and e* or of the form

y(t) = o et + ape? (6)

Plugging in the initial conditions y(0) and %(0), we should be able to solve for the coefficients ¢ and 0.

2.2.2 Converting to a Vector Differential Equation

Similar to how we converted a system of differential equations into a vector differential equation, we can
also turn our second-order differential equation into a first-order vector differential equation. We will do
so by defining state variables

d
x1(1) = y(1), xa(t) = - y(r) O]
Taking the derivative of our states, we see that
d d
PR (t) = E)’(f) =x(t) ®)
L a(0) = L53(0) = —by(0) —aby(t) =~ (1) — e ©
ar VT g\ T Ta?\ T oM w2
Therefore, we can write this as a vector differential equation
d . = . 0 1 X1 (l‘)
Ex(t) =AX(t) = [—b —a] [xz(t) (10)

Note that the eigenvalues of the A matrix yields the exact characteristic polynomial that we found using
guess and check. This is not coincidental and in fact arises since we were looking for eigenvalues of the

differentiation operator %.
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3 Inductors

Let’s introduce a new passive component, an inductor. This new component will help us design more
interesting circuits and introduce oscillations within our circuits.

Inductors have a dual relationship in terms of voltage and current (I-V) as compared to capacitors (i.e., V
being proportional to change in I as opposed to I being proportional to change in V). The schematic symbol
of an inductor is drawn below:

+
L Vv

o o

(a) The unit of inductance is Henry (H).

(b) vp(r) = L9210
(c) ir(t) cannot change instantly.

(d) At DC steady state, inductors behave like short circuits since the current is constant meaning there is
no voltage drop.

(e) The energy stored in an inductor is: U = 3Li;*(t)
While inductors are introduced in this course only as a circuit symbol and a mathematical construct, we are

not spending time on the physics behind them, they have multiple applications in the real world and you will
study them in future courses.

Inductors store energy by setting up a magnetic field. In the same way that a capacitor separates
charge (Q) and this leads to an E field, anytime we flow current down a conductor, this creates a
magnetic field (B). Likewise, the magnetic field can store energy. Their behavior can be described
using Faraday’s law of induction.

The magnitude of magnetic field created by a straight wire is pretty small, so we usually use other
geometries if we are trying to create a useful inductance on purpose. A solenoid is a good example:

N turns

Note that the inductance (L) depends on geometry and a material property called permeability of the
solenoid core material. Inductors are useful in many applications such as wireless communications,
chargers, DC-DC converters, key card locks, transformers in the power grid, etc.
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Concept Check: The current across the inductor cannot change instantaneously. Why?
Solution: If our current changes instantaneously, then %IL — oo, and from equation the voltage across
the inductor V; — oo, which is not possible. Hence, our current cannot change instantaneously

4 LC Tank

Let’s take a look at a circuit with an inductor and capacitor in parallel. This is commonly known as an LC
tank, whose matrix will have purely imaginary eigenvalues.

In the following circuit, we have an inductor L = 10nH and capacitor C = 10pF in parallel.

Let /7.(0) = 50mA and V,(0) =0V:

yi.

First we define states x; = I; and x, = V... Then since the inductor and capacitor are in parallel:

VL=V, (11)
KCL gives:
dv, dv, 1,
L c 7 7 ciL (12)
dl dl 1
VL= Vc = LT: - 7; = Zvout (13)

Putting it into matrix form, as before:

0o —L||v.
L

Finding the eigenvalues:

det [ |7 ¢ —A%i—o (15)
T Al LC

A= 0t (16)
.. 1,2_ J\/lf

Now we will solve the differential equation using guess and check and start by guessing the following

solution:
Mt Aot
I _|aqe™ e

X = VC ﬁlellt _i_ﬁzelzt

Then we take the derivative and evaluate at # = 0 to find 45%(0)

7Ll o) + 7LQOC2

i)_f— Alale’l'fﬁ—lgocze’b’ d)_c,(o)_
™ | MBL B

M + e | dr
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and use the differential equation %56 = AX to get the following

d

o " 0 -
Ex(O) = AX(0) = !

L115.1073 0
== 103
% 0 0 50 20

Lastly, we plug in the values for A and solve the system of equations

al

o+ o =50-10"3 Bi+B=0
il gm0 L gL g 50107
1— 2= —p1— =—
vic ' 'Vic SV/ 7N T )
Solving the system of equations, we get the following constants
0.5v10 0.5v10
o =25-102 0 =25-10"° B, = ;_ﬁ B =— 57
J J

Therefore, the solution to the differential equation is

IL(Z)
V(1)

25.10 2/V1010° 4 95 1()~2—V10:10%
T 08I0, VIO 0 05V10,jv/I010%
J J

We can simplify this using Euler’s Formula to get our final answerﬂ

I.(1) 50-10~2cos (\/ﬁ 109t)
[VC (t)] B 0‘5msin(\/ﬁ- 1091‘)

Figure[I| plots the above solutions for the capacitor voltage and inductor current. This system is also called
an oscillator because the circuit produces a repetitive voltage waveform under the right initial conditions.

— Vour —

0
1)

& 0.0 0.00

Current (

T T T T
0 1 2 3 1 \
Time (£) =107

Figure 1: Voltage and Current response of LC Tank

jo —j6 . j6 _ ,—j6
2Remember that cos(8) = % and sin(0) = ¢ 216. o
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From the above plots, we can see that when the capacitor is fully charged, the inductor has zero flux whereas
when the inductor has full flux, the capacitor is fully discharged. What does this imply about the energy
stored in the two components?

We know that, energy in the capacitor, E. = CV? = 1.25 x 107! sin’ (\/ 10 x 1091) and energy in the

inductor, £, = LLI? = 1.25 x 10~ cos? (\/ 10 x 10%). This shows that Eypre = E, +Ey = 1.25 x 10~ is
constant across all time.

Figure 2] plots these energies. As it is clear, the total energy seems to be sloshing back and forth between the
inductor and capacitor.

1.0 4

0.4

0 1 2 3 1 5
Time (¢) 107"

Figure 2: Energy stored in Inductor and Capacitor. Notice the sum is constant.
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5 RLC Circuits and Higher Order Differential Equations

The LC tank we studied in the previous section was a very ideal case where we assumed there was no resistor
in the system. But this is rarely the case, and we will need to understand how adding this third component
will modify our differential equations.

Before t = 0, switch S} is on while S5 is off. At ¢ = 0, both switches flip state (S| turns off and S, turns on):

t=0 R L

Jrg{ i
S + -+ WYty -
Vi @) S$Xt=0

First, let’s figure out the initial conditions. Since the system had been connected to the battery for a long
time, the capacitor would be at steady state meaning v.(0) =V and i(0) = OA. From this, we can also
deduce that %vc = 0. Next, let’s write our branch equations:

d d
| — —V. :L— = .-R 1
i CdtV” \%3 dtl’ Ve =1 (17)
Ve+VL+Veg=0 (18)

Using the above equations, and substituting for i from Equation when needed, we can describe our
system with the following differential equation:
d’Ve | RdV. V.

= £ -0 19
dr? Ldt+LC (19)

Here we have chosen the second order differential equation as means of an example. As usual, we can solve
this differential equation by computing its eigenvalues and use any approach from beforeE]

A +L7L+LC—0 (20)
R 1 [/R\? 4
’l__iii <L> T ILC @D

Now depending on the values of R, L, C the eigenvalues change accordingly
* WhenR > 2 %, the system is overdamped and there are distinct purely real eigenvalues.
e WhenR <2 é, the system is underdamped and the two eigenvalues are complex conjugates

* WhenR = 2\/Z , the system is critically damped and there is a single purely real eigenvalue.

3Guess and check, diagonalization, changing coordinates, we are no longer emphasizing the solving process rather we would
like to extrapolate information from the results.
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The term damping refers to a system’s ability to resist its natural oscillatory behavior. If R = 0, notice that
the RLC circuit reduces to the LC tank. As the value of R increases, we’ll notice the oscillations go away.
This is because the damping force is stronger than the system’s natural tendency to oscillate.

To illustrate of the effects of damping on our system, we plot the responses below for various R, L, C values.

RLC Damping Comparison of V.

—— Overdamped
41 —— Critically Damped
Underdamped
3 4
—_— 2 T
s
[F]
o
£ 14
o
>
- —
_1 -
_2 T T T T T T
0 1 2 3 4 5
Time (t) le—10

When the system is underdamped, the response V.(¢) has oscillatory behavior whereas if the system is
overdamped or critically damped, there are no oscillations. In addition, notice that the critically damped
case converges to steady-state much quicker than the overdamped case. This is a very desirable in controls
engineering since we are able to reach steady state the quickest without any oscillations.
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§ Charging an RLC Circuit

Now that we have equipped ourselves with some knowledge on eigenvalues, we will take a look at the
nonhomogenous case. Consider the following circuit. Before t = 0, switch S} is off while S5 is on. Attt =0,
both switches flip state (S} turns on and S5 turns off):

Vs@_ Sz-xél‘:o

Firstly, we must find the initial conditions. Since the capacitor has been discharging for a long time, V,(0) =
0 and i (0) = i(0) = 0. Next, let’s write out the branch equations,

d d
i cdt VL e Vr =i (22)
V.+ Vi +Vg=0 (23)

Using the above equations, and substituting for i from Equation (I7) when needed, we can describe our
system with the following differential equation:

d*Ve RdV. V.
d*> Ldt LC

V, (24)

A quick technique we can use to homogenize the above equation is a substitution of Variablesﬂ

d d>

2 . . .
x =V, —V;, hence 7,.x = %Vc and %x = - Ve. Applying this substiution,

d*>x Rdx «x
- 2 —0 25
dt2+Ldt+LC (25

Looking back, Equation (T9) close resembles our above equation. Hence, we will find the same eigenvalues.
A =10 1, =5x10'° (26)
Solving our homogenous differential equation using our method of choice, we see that the solution is
x(t) = —5¢ 10" 4 70y (1) = 4 — 57101 4 g 5x10% 27)
Then converting back to V. using V., = x+ V;, we see that

Vo(t) =4 —5¢ 10" 4 ¢=5x10% (28)

4We could’ve also guess and checked the solution Ve(t) = oy M4 et 4 B where B is a constant. The substitution of
variables approach ensures that our eigenvalues A and A are indeed the same.
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7 Damping Ratio (Optiona])

We have continually referred to the term damping without giving it a formal definition. It is time to intro-
duce the meaning behind damping. For any second order differential equation of the form
d’x dx

WJrz(:w”dt +02x=0 (29)

{ is defined to be the damping ratio and a),,E] is the natural frequency of the system.

Note that these constants will apply for physical systems outside the context of circuits as well. We will see
more of these examples in a later part of the course. However, for now in the context of RLC, the natural
frequency of the system is the frequency that the circuit oscillates at when undamped or { = 0. Recall that

this is the specific case of the LC tank and the natural frequency will be @, = ——.

VIC

This means that the damping ratio of an RLC circuit is { = g\@ . Connecting this back to our eigenvalues,
notice that when 0 < { < 1, the response is underdamped whereas if { > 1, then the system is overdamped.
Now what happens when { = 1? We will finally answer the question of what happens when there is a single
real eigenvalue and the matrix representing the system is not diagonalizable.

7.1 Critical Damping

7.1.1 Repeated Eigenvalues

Our entire process of solving second order differential equations relied on the truth that a n x n matrix A has
n linearly independent eigenvectors. However, if we were to have repeated eigenvalues in our system, then
we cannot guarantee that A is diagonalizable. One example of a second order differential equation that is
nondiagonalizable when put into matrix form is

d’y  dy

By picking state-variables x; (1) = y(r) and x(¢) = %, we could set up the following system of differential

equations

d_. . o 1][uw
Ex(t) =AX(t) = 9 _g [xz(t) 31)
There is a single eigenvalue A = —3 and the eigenspace of A 431 is
Nul(A +37) = Nul (3 1] =a ! (32)
N -9 =31 7|3

which is one-dimensional. This was where we left off last time since our matrix was non-diagonalizable.

Concept Check: Why did we use diagonalization when solving a system of differential equations?
Solution: Our motivation behind diagonalization was to find a basis in which the matrix A was diagonal so
that we could decompose our system into n first order differential equations.

5The subscript n’ in @, stands for "natural".
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However, does our system need to be diagonal for us to create n first order differential equations? What if
it was possible to pick a basis in which A had an upper-triangular representation?

d [a0] (2 «][a0)
dt Z;(t) o A z;(t) (33)

where * is any nonzero value. At a first glance, we are not able to uncouple the equations to create two first
order equations. However, if were to solve these differential equations from the bottom up exactly like how
we performed back-substitution when row-reducing, what would happen?

This would mean we first solve 4z,(t) = Az,(t) which has unique solution z,(¢) = z,(0)e*'. Now that we
have a solution z,(¢), we can plug it back into our first differential equation!

%zl (£) = Az (1) + % 22(0)eM (34)

Since z(¢) is a first order differential equation with an input u(r) = ke*', referring back to Note 3, the
solution is z; (f) = zoe* + kte.

7.2 But what is our basis?

At last we have developed a strategy on how to tackle the case in which A cannot be diagonalized. However,
we have yet to define the basis {V},V,} that makes A have an upper-triangular representation. So we will
now define a basis to make A have an upper triangular representation.

(1) We will start by picking V| = ¥ where V is our eigenvector of A.

(2) To form a basis for R?, our second vector ¥, can be any vector linearly independent to ¥;. It follows
that since the null-space of A — AI was one-dimensional, we can pick any vector ¥, not in this null-
space.

(3) Since ¥ and ¥, form a basis, we can represent any vector in R? using coordinates. For ease of

calculation, we pick ¥, such that (A — A1)V, = V. This would mean that AV, = V| + AV.

proving the existence of a basis V

(4) In matrix form we can write this as AV = VA where A = 0 }lL

in which A is upper-triangular.

To summarize, we have shown the existence of a basis V for which A has an upper triangular representation
and we have also derived a form for our solution

x(t) = oy + opre™ (35)

SWe do this for a 2 x 2 matrix, but this can be extended to an arbitrary n x n matrix through induction. We will look at the 1 x n
case in a later note.
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