Discussion 2B

Differential Equations & RC Circuits
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Differential Equations

What are they?

e A differential equation relates a function x(t) and its derivatives.

Examples:
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The Solution:

e The solution of a differential equation is a function x(t) such that the equation is true for all
values of t.
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Differential Equations

First Order Differential Equations

e A first order differential equation only involves a
function x(t) and its first derivative x’(t).

Examples:
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Initial Conditions

e The initial conditions of a differential equation lets us solve for a
particular instance of the solution.
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Two Important Examples
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Common Solutions

Let’s take a look at the first order differential equation: x’(t) + a X(t) =b
I+ fron  x! = {>\>< Fyy

e Ifb=0,thisis called a homogeneous dlfferentlal equation.
o Given x(0) = k, the solutionis x(t)= Ve

(buess X (k)= A ewj ~at
poy o MR XLb) = X (o) €

e Ifb=0,thisis called a non-homogeneous differential equation.
o Given x(0) = k, the solution is x(t) = x(s) 5 - (e'w»t)

Guess: X [bl= Aeft\ti-g = (XCD) %} _ob




Uniqueness

Given a first order differential equation: x’(t) + a x(t) = b

e If we are given an initial condition x(0) = k,
then there will always be a unique solution x(t)

= g-b ) -2t b
(XL) E}C 4—7\

e The proof is hard, and we took it out of the
HW for this sem.

e When your solution isn’t unique ->
There is another
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1 RC Circuits

In this problem, we will be using differential equations to find the voltage across a capacitor over
time in an RC circuit. We set up our problem by first defining three functions over time: I(t) is the
current at time ¢, V(t) is the voltage across the circuit at time ¢, and V(t) is the voltage across the
capacitor at time .

Recall from 16A that the voltage across a resistor is defined as Vx = RIg where I is the current
across the resistor. Also, recall that the voltage across a capacitor is defined as V¢ = ol where Q is
the charge across the capacitor.
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Figure 1: Example Circuit

a) First, find an equation that relates the current through the capacitor Ic () with the voltage
across the capacitor V¢ (t). d Q

Kaow: Q= C- Ve, L= 7%
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b) Using nodal analysis, write a differential equation for the capacitor voltage V(). Note that
this is also the voltage for the node #n,.
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¢) Let’s suppose that at t = 0, the capacitor is charged to a voltage Vpp (Vc(0) = Vpp). Let’s also

assume that V(t) = 0 for all t > 0.
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Solve the differential equation for V¢(t) for t > 0.
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d) Now, let’s suppose that we start with an uncharged capacitor Vc(0) = 0. We apply some
constant voltage V(t) = Vpp across the circuit. Solve the differential equation for V() for

t>0.
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Figure 3: Circuit for part (e)
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d) Now, let’s suppose that we start with an uncharged capacitor Vc(0) = 0. We apply some
constant voltage V(t) = Vpp across the circuit. Solve the differential equation for V() for

t>0.
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Figure 3: Circuit for part (e)
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2 Graphing RC Responses

Consider the following RC Circuit with a single resistor R, capacitor C, and voltage source V (¢).

N I Vvlt)
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Figure 4: Example Circuit

a) Let’s suppose that at t = 0, the capacitor is charged to a voltage Vpp (V.(0) = Vpp) and that
V(t) =0 for all t > 0. Plot the response V(t). o ¢
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b) Now let’s suppose that at t = 0, the capacitor is uncharged (V.(0) = 0) and that V(¢) = Vpp for
all t > 0. Plot the response V(). —

Reu\“ H/\a+ V(_H'J: vaél—e—éct).
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To better understand our responses, we now define a time constant which is a measure of how
long it takes for the capacitor to charge or discharge. Mathematically, we define 7 as the time at
which V¢ (1) is 2 = 36.8% away from its steady state value.
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Figure 5: Different values of capacitor voltage at different times, relative to 7.

¢) Suppose that Vpp =5V, R =100Q, and C = 10 uF. What is the time constant 7 for this circuit?
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d) Going back to part (b), on what order of magnitude of time (nanoseconds, milliseconds, 10’s of o 0 ok

seconds, etc.) does this circuit settle (V, is > 95% of its value as f — o0)?
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e) Give 2 ways to reduce the settling time of the circuit if we are allowed to change one component

in the circuit.

_[—/:— ]ZC, . To V'G,JWLL ’t’\/\c +'VV\€ (/OV‘H—'W\’}/ we S‘now‘,a
either dewease K oV decrease (C

f) Suppose we have a source V(t) that alternates between 0 and Vpp = 1V. Given RC = 0.1s,

plot the response V. if V.(0) = 0.
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g) Now suppose we have the same source V() but RC = 1s, plot the response V. if V.(0) = 0.
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